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We consider plane fronted, monochromatic gravitational waves on a Minkowski background,
in a conformally invariant theory of general relativity. By this we mean waves of the form:
gµν = ηµν + ǫµνF (k · x), where ǫµν is a constant polarization tensor, and kµ is a light like vec-
tor. We also assume the coordinate gauge condition |g|−1/4∂τ (|g|
1/4gστ ) = 0 which is the conformal
analog of the harmonic gauge condition gµνΓσµν = −|g|
−1/2∂τ (|g|
1/2gστ) = 0, where det [gµν ] ≡ g.
Requiring additionally the conformal gauge condition g = −1 surprisingly implies that the waves
are both transverse and traceless. Although the ansatz for the metric is eminently reasonable when
considering perturbative gravitational waves, we show that the metric is reducible to the metric of
Minkowski space-time via a sequence of coordinate transformations which respect the gauge con-
ditions, without any perturbative approximation that ǫµν be small. This implies that we have in
fact, exact plane wave solutions, however they are simply coordinate/conformal artifacts. As a
consequence, they carry no energy. Our result does not imply that conformal gravity does not have
gravitational wave phenomena. A different, more generalized ansatz for the deviation, taking into
account the fourth order nature of the field equation, which has the form gµν = ηµν+Bµν(n·x)G(k·x)
indeed yields waves which carry energy and momentum, [1]. It is just surprising that transverse,
traceless, plane fronted gravitational waves, those that would be used in any standard, perturbative,
quantum analysis of the theory, simply do not exist.
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2I. INTRODUCTION
Einstein gravity explains most of the observed gravitational phenomena in the universe, however, a few observations
appear to lie outside of the reach of its explanatory power without a drastic modification of the matter content. Since
such a modification is not reasonable for luminous matter, as observational data greatly constrain the possibility to
tinker with the distribution and quantity of luminous matter, Einsteinian relativity is salvaged via the addition of
copious quantities of dark matter and energy. This situation is epistemologically unsatisfactory and some effort has
been made to investigate alternative theories of relativity. The geometrical structure of Einsteinian relativity can
be enriched by imposing the principle of scale invariance, and this in fact implies a unique gravitational action in
four dimensions: the corresponding theory is called Weyl gravity. Weyl gravity can be used to explain the remaining
observed phenomena - those not well described by Einstein gravity and the existing spectrum of luminous matter (see
for example [2], [3], [4]).
Gravitational waves are inescapable predictions of Einsteinian relativity, and their indirect observation has already
been rewarded with a Nobel prize [5], although their direct detection is still a decade away in principle. Of course,
when entertaining alternative theories of gravity, one would then be very interested in elaborating the existence of
such waves. Here we begin such an investigation for Weyl gravity.
II. WEYL GRAVITATIONAL PLANE WAVES
A. Weyl gravity
The general structure of Weyl gravity is given by a metric gµν(x) which is a coordinate tensor and which transforms
as gcµν(x) = Ω
2(x)gµν (x) for a conformal transformation specified by Ω(x). The metric gives rise to the Levi-Civita
connection Γρµν(x) the Riemann tensor Rαµσρ(x) and the Weyl conformal tensor Cαµσρ(x) (for the notation throughout
this paper we will follow [6], see also [7]). The importance of Weyl conformal tensor lies in the fact that it is covariant
under both coordinate and scale transformations; moreover, in four and higher dimensional space-times, it vanishes
if and only if there exists a combination of these two transformations for which the metric gµν can be brought to ηµν
the metric of flat Minkowski space-time.
The Riemann tensor is not conformally covariant, hence it contains gauge artifacts that are removable by conformal
transformations. The Weyl conformal tensor on the other hand is conformally covariant, Cαµσρ(x)→ Ω(x)
2Cαµσρ(x).
Hence it is the fundamental object that contains all information about the geometrical background. In four dimensional
geometries the dynamics is uniquely determined by
L = CαµσρC
αµσρ + kLmatter (1)
which gives rise to field equations of the form
Wµν = −
k
4
Tmatterµν (2)
where Wµν is the Bach conformal tensor
Wµν = ∇
2Rµν −
1
3
∇µ∇νR−
1
6
gµν∇
2R+ 2Rαβ(Rβναµ −
1
4
gµνRαβ)−
2
3
R(Rµν −
1
4
gµνR) (3)
and k is a constant related to the gravitational constant and Tmatterµν is the energy-momentum tensor of the matter
fields.
B. Transverse, traceless, plane fronted, monochromatic plane waves
To investigate wave solutions of a set of field equations, the usual approach followed in Einstein gravity consists of
taking a linear perturbation of the form
gµν = ηµν + ǫµνF (k · x) (4)
where k · x ≡ kµx
µ = ω(t − x), ω a constant frequency, and where the propagation vector is to be light-like (see for
example [8]). The perturbing term is assumed to be small when considering the linearized theory, usually higher order
3corrections are not examined. Clearly, it is of interest to consider such perturbations in Weyl gravity. Infact, we will
find that Eq. (4), taking into account the restrictions implied by assuming appropriate gauge fixing, is actually an
exact, albeit trivial, solution to the full non-linear field equations with no assumption of perturbation.
We must impose two gauge conditions, one fixing coordinate transformations while the other fixing conformal
rescalings. One possibiity is to impose, where as usual g ≡ det[gµν ],
Γρ ≡ Γρµνg
µν = −|g|
−1/2
∂µ(|g|
1/2
gµρ) = 0 (5)
which is called the harmonic gauge [8], essentially fixing coordinate transformations (up to harmonic coordinate
transformations). Secondly we would impose the conformal gauge condition
g = −1 (6)
which fixes the possibility to perform any conformal transformations. However, the two conditions are not necessarily
compatible. Performing a conformal transformation to impose the conformal gauge in general destroys the harmonic
gauge condition. We could simply, tacitly assume that the metric is such that both are satisfied. However, instead,
we impose[9]
−
1
|g|
1/4
∂µ(|g|
1/4gµρ) = 0. (7)
This condition was identified in Ref. [10] as an evidently conformally invariant alternative to the usual harmonic gauge
condition. It also allows the possibility of performing a restricted class of coordinate transformations, analogous to
harmonic coordinate transformations, which preserve it. We will also impose the conformal gauge choice g = −1,
which then, in conjunction with Eqn. (7) simply gives
∂µg
µρ = 0. (8)
Of course, the conformal gauge condition in conjunction with the harmonic gauge condition Eqn. (5), evidently gives
the same condition Eqn. (8), however, as stated above, it is not in general possible to perform the necessary conformal
transformation without ruining the harmonic gauge, or vice versa.
We will impose the conformal gauge condition only after analyzing the coordinate gauge condition Eqn.(7), which
gives explicitly
ǫρνkν(F |g|
1/4)′ + kρ(|g|1/4)′ = 0 (9)
where the ′ means differentiation with respect to the argument, and due to the ansatz for the metric, its determinant
g = g(k · x) is necessarily a function of k · x and we use the definition kρ ≡ ηρνkν . Writing out the equations that are
implied and using k0 = −k1 = ω = k
0 = k1, we get:
(ǫ00 − ǫ01)(F |g|1/4)′ + (|g|1/4)′ = 0 (10)
(ǫ10 − ǫ11)(F |g|1/4)′ + (|g|1/4)′ = 0 (11)
(ǫ20 − ǫ21)(F |g|1/4)′ = 0 (12)
(ǫ30 − ǫ31)(F |g|1/4)′ = 0 (13)
We can reject the solution to the latter two equations (F |g|1/4)′ = 0, since when inserted in the first two equations it
implies (|g|1/4)′ = 0. Put back in (F |g|1/4)′ = 0 then gives F = const. which is not a wave. Thus we require:
(ǫ20 − ǫ21) = 0 (14)
(ǫ30 − ǫ31) = 0 (15)
Now spelling out Eqns. (10) and (11) gives:
(ǫ00 − ǫ01) = −(|g|1/4)′/(F |g|1/4)′ (16)
(ǫ10 − ǫ11) = −(|g|1/4)′/(F |g|1/4)′ (17)
Since the right hand sides are in principle functions of k · x these equations make no sense except if
− (|g|1/4)′/(F |g|1/4)′ = D, (18)
4with D a constant. This integrates simply as
|g|1/4 =
C
1 +DF
(19)
with C an integration constant. Actually we will choose D = 0, C = 1 by a conformal transformation rendering the
determinant of the metric equal to -1, but we will carry them along for the moment. Thus we get the solution:
ǫ00 ≡ ǫ (20)
ǫ01 = ǫ10 = ǫ−D (21)
ǫ11 = ǫ− 2D (22)
ǫ20 = ǫ02 = ǫ21 = ǫ12 = b (23)
ǫ30 = ǫ03 = ǫ31 = ǫ13 = c (24)
and the metric ansatz must have the form
[gµν ] = [ηµν ] + [ǫµν ]F = [ηµν ] +


ǫ ǫ−D b c
ǫ−D ǫ− 2D b c
b b −D + f j
c c j −D + h

F. (25)
The constants b and c are completely arbitrary, while the constants ǫ, f, h, j,D are also arbitrary up to the limits due
to the constraint implied by Eqn. (18). The metric can be more obviously written as
[gµν ] = [ηµν ] + [ǫµν ]F = (1 +DF ) [ηµν ] +


ǫ−D ǫ −D b c
ǫ−D ǫ −D b c
b b f j
c c j h

F (26)
and it is easy to calculate its determinant exactly. We get
1/g = (1 +DF )2(−(1 +DF )2 + (1 +DF )(f + h)F + (j2 − fh)F 2). (27)
and using this in Eqn. (19), assuming g < 0, gives
(−(1 +DF )2 + (1 +DF )(f + h)F + (j2 − fh)F 2) = −
(1 +DF )2
C4
. (28)
We can write this equation in the form
α(1 +DF )2 + β(1 +DF )F + γF 2 = 0 (29)
with α = −1 + 1/C4, β = f + h and γ = j2 − fh. If we expand out the polynomial in F we find the constant term is
simply α, hence we get α = 0. This means
α = −1 +
1
C4
= 0 (30)
i.e. C = 1. But then looking at the linear term that remains gives β = 0, and we get for the F 2 term βD + γ = 0
which yields γ = 0. Thus f = −h and then j2 + f2 = 0, which requires that j = 0 and f = h = 0. However D is
completely arbitrary. Thus we find
[gµν ] = [ηµν ] + [ǫµν ]F = (1 +DF ) [ηµν ] +


ǫ−D ǫ−D b c
ǫ−D ǫ−D b c
b b 0 0
c c 0 0

F (31)
The trace of the metric, ηµνg
µν = 4(1 +DF ) = 4 + ηµνǫ
µνF . This is as far as we can go without imposing a choice
of the conformal gauge. We choose the conformal gauge to be
g = −1. (32)
5The determinant of the metric in Eqn. (31) can be easily computed, we find 1/g = −(1 +DF )4. Thus imposing the
conformal gauge condition Eqn. (32) fixes D = 0 and which simultaneously makes the polarization tensor trace free,
ηµνǫ
µν = 0. The coordinate gauge condition then also makes the polarization tensor transverse, directly from Eqn.
(9), we get, ǫρµkµ(F |g|
1/4)′ = 0 ie. ǫρµkµ = 0. Thus we can choose the coordinate and conformal gauge conditions so
that the metric deviation is transverse and traceless.
Thus we find the metric ansatz is reduced to
[gµν ] = [ηµν ] + [ǫµν ]F = [ηµν ] +


ǫ ǫ b c
ǫ ǫ b c
b b 0 0
c c 0 0

F (33)
when the coordinate gauge Eqn. (7) and the conformal gauge g = −1 are imposed. This form is obviously transverse
and traceless.
This result is valid exactly, no perturbative assumption was made. To reiterate, the only assumptions made were
the form for the metric ansatz Eqn. (4) and that it satisfies the coordinate gauge condition Eqn. (7) and the particular
choice of conformal gauge Eqn. (32). These then imposed the final form for the polarization tensor in Eqn. (33).
If we examine the perturbative description a little, and write each component as an expansion in a small parameter,
for example f = f (1) + f (2) + · · · where f (i) is of the ith order in the small parameter, we find Eqn. (29) yields with
D = 0
f (1) + h(1) = 0 (34)
and
f (2) + h(2) = 0, −f (1)h(1) + (j(1))2 = 0 · · · (35)
Thus to second order we find
(f (1))2 + (j(1))2 = 0, (36)
implying f (1) = j(1) = 0, which are the usual transverse, tracefree conditions obtained perturbatively.
Taking the form of the metric given then in Eq. (33), with a little calculation we find, in fact for any F = F (kx) a
generic differentiable function,
gµν = ηµν − ǫµνF − (b
2 + c2)kµkνF
2 (37)
where
ǫµν = ηµσηντ ǫ
στ . (38)
As mentioned above, the coordinate gauge condition (7) does not completely fix the possible choice of coordinates;
there exist coordinate transformations that preserve this gauge choice. Harmonic coordinate transformations of the
form
x′µ = xµ + ǫµΦ(kx) (39)
where Φ(y) =
∫ y
dzF (z), the indefinite integral of F , we get
∂x′µ
∂xν
= δµν + ǫ
µkνF, (40)
which is easily seen to preserve the metric Eqn. (4) ansatz and the harmonic gauge Eqn. (5). But the coordinate
gauge choice Eqn. (7) nor the conformal gauge Eqn. (32) are then, in general, not respected. However, with the
choice of ǫµ given by
[ǫµ] =


A
A
B
C

 (41)
6it is easily verified that both the coordinate gauge condition Eqn. (7) and the conformal gauge condition Eqn. (32)
are respected. The crucial point of this paper is that the specific choice
[ǫµ] = −
1
2


ǫ
ǫ
2b
2c

 (42)
brings the metric given in (4) and (37) to ηµν , the flat Minkowskian form.
Thus, monochromatic plane-fronted wave fluctuations of the metric about flat Minkowski space-time are indeed
solutions of the exact Weyl field equations. But they are trivial solutions: they are gauge (coordinate and conformal)
equivalent to the vacuum itself, and nothing more. In particular, if the linearized approximation to Weyl conformal
gravity makes sense, then this approximation simply does not admit gravitational wave phenomena of the type
considered. Clearly a linearized approximation admits the ansatz (4), the general linearized ansatz being a linear
superposition of such waves. Again, linearized superpositions of harmonic coordinate transformations (42), will bring
the metric to the flat metric. Thus gravitational waves in Weyl gravity could only possibly exist in non-linear
superpositions, where specifically the non-linear terms are not neglected.
A simple calculation of the connection gives the result
Γµαβ = −
1
2
F ′(kαǫ
µ
β + kβǫ
µ
α − k
µǫαβ) (43)
which vanishes by the harmonic transformations above and its Riemann tensor is given by
Rµαρβ = −
1
2
F ′′(kρkαǫµβ − kαkβǫµρ − kρkµǫαβ + kβkµǫαρ) (44)
which is identically zero, as it should be, before or after doing the harmonic coordinate transformations.
C. Rotationally invariant waves
It is worth noticing that if we start from the metric with lower indices, of the form
gµν = ηµν + ǫµνF (k · x) (45)
and impose rotational invariance in the plane perpendicular to the direction of propagation, we find an even simpler
result. Imposing of course the gauge conditions (5) and (32) we find, after some calculation, that the only form
allowed is
gµν = ηµν − akµkνF (46)
with
gµν = ηµν + akµkνF (47)
for any generic differentiable function F = F (k · x). Imposing the rotational symmetry is much more restrictive than
our analysis above considering the fluctuations of gµν , as it reduces the possible metric fluctuations to only contain
longitudinal waves. For such metrics, transformations of the form
∂x′µ
∂xν
= δµν −
a
2
kµkνF (48)
can be performed while preserving the gauge choices, and these bring the metric to the trivial form.
III. CONCLUSIONS
We have shown that transverse, traceless, plane fronted monochromatic gravitational waves given by the ansatz (4)
are actually conformally and coordinate equivalent to flat Minkowski space-time. This generalizes to all orders, the
result found to second order in [11] that transverse, traceless, linearized plane waves carry no energy to second order
in Weyl gravity and that found in [1]. However our general result here follows from the unexpected discovery that
7such deviations from Minkowski space-time are actually trivial, they are just conformal and coordinate artifacts. The
energy-momentum tensor of gravitational phenomena in alternative theories of gravity, and specifically here in Weyl
gravity has been given in [12]
T gravityµν = (∂
2Rlinearµν −∇
2Rµν)−
1
3 (∂µ∂νR
linear −∇µ∇νR)−
1
6 (ηµν∂
2Rlinear − gµν∇
2R)−
− 2Rαβ(Rβναµ −
1
4gµνRαβ) +
2
3R(Rµν −
1
4gµνR). (49)
For our waves, this energy-momentum tensor is identically zero. Since our solution is valid for any strength of the
fluctuation, the Weyl gravitational field equations must be valid order by order in the parameter corresponding to
the strength of the fluctuation. The result in [11] was an explicit verification of this fact for the second order terms.
Here we have shown that each order vanishes exactly. How this is related to zero energy theorems in Weyl gravity is
not clear [13].
We are not able to conclude from the analysis presented here that the full Weyl gravity does not contain gravitational
wave phenomena. We have shown that a single, monochromatic transverse, traceless wave does not exist to all orders
in Weyl gravity, and their linearized superpositions treated to linear order are also coordinate/conformally equivalent
to flat. However we have not shown that the full non-linear superpositions of waves of the form (4) are trivial. If this
were true, it would mean that Weyl gravity contains no gravitational waves of this type. This will have important
ramifications for the perturbative quantum version of the theory. Any such analysis is done by considering fluctuations
of the form Eqn. (4) and quantizing them. The non-existence of such waves, as proven in this paper, then requires
a profound re-examination of any perturbative quantum analysis of conformal gravity. An analysis has already been
undertaken in [1], where it is shown that despite possessing no energy classically, plane-fronted waves still contribute
zero-point energy quantum-mechanically.
Other types of gravitational wave perturbations are known to exist in conformal gravity. For example, in a recent
paper [1], it is shown that perturbations of the form
gµν = ηµν +Bµνn · xF (k · x) (50)
do carry energy and momentum. The surprising fact that we have to report is that standard transverse, traceless
monochromatic gravitational waves do not exist in conformal gravity.
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